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Rotor-Bearing Analysis for Turbomachinery
Single- and Dual-Rotor Systems
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Finite element analysis models were developed to investigate the dynamic characteristics of single- and dual-
rotor-bearing turbomachinery systems. When an inertial coordinate system was used, the dynamic models of the
rotor-bearing systems included gyroscopic moments, rotary inertias, and bending and shear deformations. The
models were analyzed to predict the natural frequencies, to produce critical speed maps, and to estimate the
bearing stiffnesses. These rotor-bearing system analyses were then applied to both single-rotor and dual-rotor
system applications. In the single-rotor system application, a small turbojet engine and its rotor components were
used as a basis for the model. Both theoretical and experimental analyses were used to study this engine rotor-
bearing system. Modal testing and a dynamic engine test were used to verify the analytical results, including the
predicted critical speed map and the bearing stiffnesses. Very good agreement was found between the analyses and
the test data. In the dual-rotor application, the effects of the speed ratio of the high-speed to low-speed shafts of
the dual-rotor system on the critical speeds was studied. It was demonstrated that this speed ratio could be used as
one of the dual-rotor system design parameters. Finally, it was noted that the interrotor bearing stiffness between
the high-speed and the low-speed shafts of the dual-rotor system affected the mode shapes of the shafts within the
system, in addition to the rotor system critical speeds.

Nomenclature
A = element area
[C] = damping matrix
El = bending stiffness per unit of curvature
{F} = external force vector
G = shear modulus
[G] = gyroscopic matrix
1 = moment of inertia
[K] = stiffness matrix
l = element length
[M] = mass matrix
{q} = displacement vector
S, = shear factor
A = eigenvalue, @ tiw
o = density
[¢] = total system eigenvector matrix
{0} = amplitude displacement vector
Q = rotational speed
j = jth natural frequency
wo = natural frequency
w = rotor 1 speed
w) = rotor 2 speed
Subscripts
A = axial load
B = bending
K = stiffness
R = rotational
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T = translational

X = coordinate of x direction
y = coordinate of y direction
1 = point 1 position

2 = point 2 position
Superscripts

b = bearing

C = casing

d = disk

e = element

r) = order number

S = system

(D), (2), = first-, second-, third-, ..., nth-order number
A3),...,(n)

I. Introduction

INITE element methods have been used in rotordynamic anal-

yses since 1970. In the early days, only the bending vibrations
under rotor linear displacement conditions were considered. Later,
rotor models were improved to include rotatory inertia, gyroscopic
moments, axial loads, internal and external damping, and shear de-
formations. Hibner! used a unique transfer matrix method applied
to an idealized equivalent engine system for predicting vibratory
responses that accounted for nonlinear viscous damping effects.
Glasgow and Nelson? applied a common mode synthesis method
and showed that a significant reduction in the size of the prob-
lem is achieved when analyzing the stability of a dual-rotor sys-
tem. Li and Hamilton? applied a simplified transfer matrix method
with squeeze film dampers on two-spool-rotor systems. Huang* de-
veloped a transfer matrix impedance coupling method to predict
frequency responses of mutiple-rotor systems. Zeng and Hu® used
a gyroscopic mode synthesis technique for multishaft-rotor-bearing
casing systems. Gupta et al.® used a modified transfer matrix method
to study the energy distributions in a multispool rotor system. How-
ever, because of the transfer matrix method’s assumptions,’ it some-
times resulted in numerical instability problems or in missing-root
problems.®
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The analyses presented herein are based on the methods used
by Nelson and Mcvaugh,” Nelson,'® and Lalanne and Ferraris.'!
The finite element rotor-bearing system models were established
using inertial coordinate systems. The models were used to predict
natural frequencies, critical-speed maps, and bearing stiffnesses.
Based on the Lagrangian formulation, this general model of continu-
ous rotor-bearing systems was established, and included gyroscopic
moments, rotary inertias, and bending and shear deformations. The
rotor-bearing system analyses were then applied to a single-rotor
application and a dual-rotor application.

For the single-rotor application, a small turbojet engine was used
as the basis for the finite element model. This engine produces 12 1bf
(5.4432 kgf) of thrust and was developed for unmanned aerial ve-
hicle (UAV) applications. In recent years, the growing interest in
remote control airplanes has created a new marketplace for scaled-
down operational aircraft (including UAVs) and small turbojet en-
gines. The small turbojet engine'? used in this study utilizes existing
turbocharger rotor components. This design takes advantage of read-
ily made rotor systems that are available commercially through the
automobile turbocharger market. The high-strength and temperature
resistant construction of these rotors provides a low-cost compressor
and turbine system.

The small turbojet engine rotor design originally called for a
critical speed margin of at least 15~20% as a guideline'* to prevent
excessive vibrations, which may in turn damage the rotor system. To
meet these requirements, the rotor-bearing system analysis was de-
veloped to investigate the characteristics of the rotor design. Modal
testing and dynamic engine testing were used to verify the analytical
results, including critical speed maps and bearing stiffnesses.

Multiple rotor designs were first introduced in the 1960s. Turbo-
fan engines require multiple speeds for efficiency and stall margin,
and as a result, it has become very common for turbofan engines
to have dual- or even triple-rotor system designs. On these types of
engines, it is essential to use multiple compressor stages on multiple
rotors and to drive each rotor by a separate turbine. This arrangement
provides dual-spool coupling by introducing an interrotor bearing
between the high-speed and the low-speed shafts of the dual-rotor
system. However, the interrotor bearing also becomes a source of
coupling vibrations between the two shafts.'*

II. Rotor-Bearing System Model

A typical flexible rotor-bearing system model consists of discrete
disks, rotor segments with distributed masses and elastic character-
istics, and discrete bearings. Figure 1 shows such a system, along
with an x—y coordinate system used to describe the system motion.

A. Element Divisions and Structural Nodal Displacements

The rotor system can be divided into rigid disks, rotor segments,
and linear bearing supports as shown in Fig. 2. Also shown are nodal
displacements in an inertial coordinate system, where

{q} = {XlsY1,9x1s9y1,9€27)’2,9)(2,9_\2} (D

and where x1, y;, 6,1, and 6y, represent node 1’s displacements and
X2, ¥2, 6x2, and 6, represent node 2’s displacements.
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Fig. 1 Typical rotor-bearing system.
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Fig. 2 Rotor-bearing system elements.

B. Component Equations
In this section, a rigid-disk equation of motion is developed for
the rotor-bearing system using a Lagrangian formulation.

1. Rigid Disk
The equation for the rigid disk is
([M4] + [M2])(G") — QUG 1"} = (F} @)
where
mg 0 0 0 [0 0 0 O
0 my 0 O 00 0 O
M) = Mi] =
[17] 0 0 00}’ [R]ooa,o
0 0 00 10 0 0 I
00 O 0 7
(G4 = 00 O 0
100 0 —Ip
00 Ip 0

2. Finite Rotor Elements
The elements are

([M5] + [Me])a) - QUG NG} + K ]{a = {F} (3
In Eq. (3), [M7], [M§], [G¢], and [K 3] are given in the Appendix.

3. Linear Bearings
The bearings are

—[C*¢"} — [K"1{g") = {F"} )
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Fig. 3 Dual-rotor system model.
where
C, Cy, O K Ky O
[ch = Cy Cy, 0 O (k' = | Ko K, 0 0
1o o o ol B 0 00
0 0 0 0 0 0 0 0

4. Dual-Rotor Interrotor Bearing
The interrotor bearing is

—[C1G™") = [K*){g™") = {F*") (5)

If the bearing is located between rotor 1, i node, and rotor 2, j
node, as shown in Fig. 3 (bearing 3), then

4i-3 4i-2 4j-3 4j-2
Cxx ny - Cxx - ny 4i-3
o Coy Cy | —Co —Cy |4
_Cxx _C)r y Cxx ny 4j=3
- Cx y _Cy y Cx y ny 4j-2
4i-3 4i-2 4j-3 4j-2
Kxx ny _Kxx _ny 4i-3
[Klb] ny Ky'y _ny _Kyy 4i—2
K, _ny K« Kx) 4j-3
Koy =Ky | Ky Kyy 142

C. System Equation of Motion
1. Single-Rotor-Bearing System

The assembled system equation of motion, consisting of compo-
nent equations of Egs. (2-4) is of the form

[M1{G*} + (IC1+ QUGD{¢") + [K1{g®} = (F5} (6

where
{qs} = {xl, Vi, Qxla 9)?17 ceos Xns Yns exna Oyn}T
2. Dual-Rotor-Bearing System
For rotor 1,

i)+ aci+ alGin{a’ ) + 1k{qa’} = {FF} @
For rotor 2,
MG} + (G + 2G5} + [Kal{gs } = {FF} )

When Egs. (7) and (8) are combined, the equation of motion for
the dual-rotor-bearing system and casing can be obtained,

M*| 07 (4], [ICT+ G +2lGa] | 07 [¢°
0 MC C'I'C + 0 |0 qC

KSS KSC qS FS
+ KSS | kcc |4 =) Fc ©

where the vectors g5 and ¢© represent the displacements of the rotor
system and flexible casing, respectively. In this paper, the casing
effects are assumed to be negligible.

III. Solutions of Rotor-Bearing System

To calculate the critical speeds for the system, the following ho-
mogeneous equation needs to be solved:

(MG} + [CNG®) + K *1{g®) = {0) 10)

Equation (10) is an eigenvalue solution problem. In structural
dynamics, there are many ways to solve large-scale sparse ma-
trix eigenvalue problems. However, most of the time, these solu-
tion approaches are only useful for cases with small damping and
symmetrical matrices. Because the effects of gyroscopic moments,
anisotropic bearings, and material damping are included herein, the
damping and stiffness matrices become nonsymmetric and depen-
dent on speed. Consequently, the equation needs to be solved in a
different way, as follows.

The second-order homogeneous equation (10) is reduced into 2n
first-order differential equations. A 2n-order column vector {X},

X} = {q} (11)
q

is used so that Eq. (10) can be expressed as

0 M| (g -M 0] (q 0
oy = (12)
M C||q 0 K|lg 0
Equation (12) can be simplified into

[A){X} + [BI{X} = {0} 13)

By the assumption that

(X} ={g)e”, (X} =2r{g)e" (14)
Eq. (14) can be substituted into Eq. (13) to obtain
(AA+ B){¢p} =0 (15)

Using QR or Lanczos methods,'® the eigenvalues and eigen-
vectors for Eq. (15) can be solved. Because Eq. (12) contains the
damping term C, the eigenvalues and eigenvectors are complex
numbers. From the eigenvalue, Ay = ax £ iwg, the damped critical
speeds and the speeds corresponding to the onset of whirl can be
determined.

IV. Single-Rotor Application: Simulation
and Test Results

A small turbojet engine was used for the single-rotor application.
Both modal testing and dynamic engine testing were used to verify
the analytical results. Figure 4 shows the small turbojet engine and
the rotor-bearing system, which consists of a rotor shaft, a com-
pressor, a turbine, a spacer, a bearing inner ring, and an oil ring.
The total length of the rotor system is approximately 171 mm. The
subsystems of the engine include a starting system, a fuel control
system, and an oil lubrication system.

The analyses of this application included the tasks described as
follows.

A. Free-Free Modal Testing

In this study, a hammer impact experimental method is used. A
free—free support boundary condition was assumed for the modal
testing, which implies that the test object is unconstrained. To satisfy
this assumption, the test object was suspended using an elastic string
to simulate the free support condition. An impact hammer was then
used with a load cell to apply the impact force. An accelerometer
on the test object recorded the response due to the impact. Both
the impact force and the response are amplified and input to a fast
Fourier transform analyzer to obtain a frequency response function.
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Fig. 4 Turbojet engine and rotor-bearing system.
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Fig. 5 Turbojet rotor free—free support modal testing results, def. 0.0
Hz: a) first mode, 1467 Hz, b) second mode, 3693 Hz, and c) third mode,
8002 Hz.

Through the use of a routine identification procedure, the mode
shape related parameters could be determined.

Figure 5 shows the first three mode frequencies and the mode
shapes from the test results of the free—free modal testing.

B. Finite Element Analysis for Free-Free Model

With use of Eq. (6), the first three mode frequencies and mode
shapes were solved, producing the results shown in Fig. 6. Com-
parison of the test results from the modal testing, as presented in
Fig. 5, with the predicted mode shapes and frequencies, shows that
the frequency differences are within 3% for the first three modes,
as indicated in Table 1. Comparison of the mode shapes also shows
very good agreement. From the foregoing results, it is concluded
that the analyses correlate quite well with the free—free test data.

C. Critical Speed Map Calculation

When the damping term in Eq. (6) is neglected and the equation
to use a rotating coordinate system is transformed, the number of
degrees of freedom for the system can be reduced by one-half. In
this way, the critical speed map can be obtained directly as shown in
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Table 1 Small turbojet engine free support
natural frequencies

Order

Frequency Ist 2nd 3rd
Modal testing, Hz 1467 3693 8002
Mathematic model, Hz 1441.4 35914 8160.7
Difference, % 2.0 3.0 2.0
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Fig. 6 Turbojet free—free support calculated results, P15 mode shape.
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Fig. 7 Turbojet critical speed map.

Fig. 7. This map is based on the assumptions of equal stiffness for
both the front and the rear bearings. As shown in Fig. 7, the rotor-
bearing system with elastic supports has first and second critical
speeds that increase as the stiffness increase, whereas the third-
order critical speed is almost constant. However, with a rigid-support
condition, the first two critical speeds remain almost constant as the
stiffness is increased, whereas the third critical speed increases with
the increase in the stiffness due to gyroscopic effects.

D. Turbojet Engine Dynamic Testing

A turbojet engine dynamic testing facility was established for this
study. This facility was composed of the turbojet engine, a test stand,
instrumentation, and a personal computer-based data acquisition
system. An accelerometer was mounted on the engine to measure the
engine critical speeds. Figure 8 shows the order tracking plot results
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Fig. 8 Turbojet dynamic testing order-tracking results.

Table 2 Small turbojet engine critical speeds?®

Order
Speed Ist 2nd 3rd
Full engine test, rpm 35,556 46,032 117,140
Mathematic model, rpm 33,629 48,900 116,390
Difference, % 5.0 6.0 1.0

“Front bearing stiffness 1.6 x 10’7 N/m and back bearing stiffness

1.5 x 107 N/m.
from the engine dynamic testing. The first three critical speeds of
35,556,46,032, and 117,140 rpm were obtained from the test results
shown in Fig. 8. When the critical speed map results (Fig. 7) are
compared with the results from engine dynamic testing, both the
front and the rear bearing stiffness can be roughly estimated in the
range 1 x 10’2 x 10" N/m.

E. Bearing Stiffness Matching Optimizations

The front and the rear bearing stiffnesses are used as optimiza-
tion parameters to match the critical speed experimental value w,;
(order 7). The initial values and ranges of the bearing stiffnesses
can be obtained using Fig. 7 (critical speed map) as a reference.
When iterations of Eq. (12) are used, the bearing stiffness matching
optimizations can be solved as

3 2 2
w.. — w:.
min E = E —— (16)
. w,;
i el

where w,; is the critical speed test result and w,; the critical speed
calculated result where i =1, 2, 3.

The calculated results give a front bearing stiffness of 1.6 x
107 N/m and a rear bearing stiffness of 1.5 x 107 N/m, which result
in corresponding critical speeds of 33,629, 48,900, and 116,390 rpm.
Very good agreement was obtained with the experimental results,
with the calculated differences below 6%, as indicated in Table 2.
There are three critical speeds within the engine operation range
of 0~ 140,000 rpm. Therefore, the engine operation close to the
critical speeds should be avoided to prevent bearing damage. If
the single-rotor support design could be modified to a soft support
(K < 10° N/m), then a comfortable speed margin could be main-
tained between the operating speed (135,000 rpm) and the third-
order critical speed.

V. Dual-Rotor Application: Simulation Results

There are two possible modes of operation in a dual-rotor system.
One is with both rotors corotating in the same direction and the other

Table 3 Nodal coordinates for the dual rotor system

Axial Axial Axial
Node distance, cm Node distance, cm Node distance, cm
1 0 6 40.64 11 27.94
2 7.62 7 45.72 12 35.56
3 15.875 8 50.8 13 40.64
4 24.13 9 15.24
5 32.385 10 20.32

Table 4 Disk data

Disk
Property 1 2 3 4
Mass, kg 10.51 7.01 35 7.01
Ipx kg-m?> 4.295x 1072 2.145x 1072 1.355x 1072 3.39 x 1072
Ipy,kg-m?> 859x 1072 429x 1072 271x1072 6.78 x 1072

Table 5 Bearing stiffnesses

Bearing Kyx = Kyy, N/m
1 2.63 x 107
2 1.75 x 107
3 8.75 x 100
4 1.75 x 107

with the rotors counter rotating with respect to each other. In this
paper, the typical case of corotation is considered.

Figure 3 shows an undamped dual rotor-bearing system pro-
vided by Ref. 11, with its nodal coordinates listed in Table 3.
The data on the dual rotor-bearing system are as follows for ro-
tor speed relation w, =1.5w;, where w; is rotor 1 speed (with
rotor 1 diameter =30.5 mm) and w, is rotor 2 speed (with inner
diameter = 50.8 mm and outer diameter = 60.9 mm). Table 4 lists
the data for the four disks shown in Fig. 3. With the assumption that
the bearing stiffness is symmetrical (no cross stiffness), the data for
the four bearings are provided in Table 5.

Because the dual-rotor system has two different rotor speeds, and
the interrotor bearing causes the coupling of the two rotors, the crit-
ical speed calculations are much more complex than for the single-
rotor system. Especially, the interrotor bearing stiffness between the
high-speed and the low-speed shafts of the dual-rotor system can af-
fect the mode shapes of the two shafts within the system, in addition
to the rotor system critical speeds.
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Table 6 Critical speeds of the dual rotor system for rotor 1 operating at a fixed speed

Rotor 1 speed, Critical speed, rpm

Rotor 1 speed,

Critical speed, rpm

rpm First mode Second mode Third mode rpm First mode Second mode Third mode
0 6,115 12,031 17,738 15,000 9,041 12,385 17,970
1,000 6,385 12,065 17,804 16,000 9,145 12,401 17,973
2,000 6,650 12,097 17,845 17,000 9,240 12,416 17,975
3,000 6,907 12,127 17,873 18,000 9,329 12,431 17,977
4,000 7,156 12,155 17,894 19,000 9,411 12,445 17,979
5,000 7,392 12,181 17,909 20,000 9,487 12,458 17,981
6,000 7,615 12,206 17,921 21,000 9,557 12,471 17,983
7,000 7,825 12,230 17,931 22,000 9,623 12,483 17,985
8,000 8,022 12,253 17,939 23,000 9,684 12,495 17,986
9,000 8,204 12,275 17,945 24,000 9,740 12,506 17,987
10,000 8,373 12,295 17,951 25,000 9,793 12,516 17,989
11,000 8,529 12,315 17,956 26,000 9,843 12,527 17,990
12,000 8,673 12,334 17,960 27,000 9,889 12,538 17,991
13,000 8,806 12,352 17,964 28,000 9,933 12,547 17,992
14,000 8,928 12,369 17,967 29,000 9,974 12,557 17,993
Table 7 Critical speeds of the dual rotor system for rotor 2 operating at a fixed speed
Rotor 2 speed, Critical speed, rpm Rotor 2 speed, Critical speed, rpm
rpm First mode Second mode Third mode rpm First mode Second mode Third mode
0 7,579 12,113 17,091 15,000 8,323 12,378 17,887
1,000 7,641 12,135 17,095 16,000 8,359 12,391 17,919
2,000 7,702 12,156 17,179 17,000 8,395 12,404 17,950
3,000 7,760 12,177 17,257 18,000 8,429 12,417 17,979
4,000 7,817 12,197 17,332 19,000 8,462 12,429 18,006
5,000 7,872 12,216 17,401 20,000 8,494 12,440 18,031
6,000 7,925 12,235 17,466 21,000 8,524 12,452 18,055
7,000 7,976 12,253 17,527 22,000 8,554 12,463 18,078
8,000 8,025 12,270 17,583 23,000 8,583 12,473 18,099
9,000 8,072 12,287 17,636 24,000 8,610 12,483 18,119
10,000 8,118 12,304 17,685 25,000 8,636 12,494 18,139
11,000 8,162 12,320 17,731 26,000 8,662 12,503 18,157
12,000 8,204 12,335 17,774 27,000 8,687 12,512 18,174
13,000 8,245 12,350 17,814 28,000 8,711 12,521 18,190
14,000 8,285 12,364 17,852 29,000 8,734 12,530 18,206
35000 30000
®¢=18000 rpm @ fw : forward
30000 fw : forward 25000 - 2=90001PM b, : backward

T bw : backward £ /

e 2 [

= 5000 < 20000 & "

2 20000 ) 3w
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= 2 26w r 2 dhw——

= Jbw = 10000

= 10000 o v =
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1 1 1 1 1 o 1 1 1 1 1

0
0 5000 10000 15000 20000 25000 30000
Rotation Speed (rpm)

Fig. 9 Campbell diagram of dual-rotor critical speeds at w; =
18,000 rpm.

In this paper, the dual-rotor-system critical speed analyses in-
cluded the following four tasks.

A. Task A

1) Apply Egs. (9) and (13) with rotor 1 held at a constant speed w,
while varying the speed of rotor 2, w,. From the Campbell diagram,
the corresponding critical speeds can be found as shown in Fig. 9,
and these are listed in Table 6.

2) In a similar manner, with rotor 2 held at a constant speed w;,
the speed of rotor 1 is varied, w;. The corresponding critical speeds

0 5000 10000 15000 20000 25000 30000
Rotation Speed (rpm)

Fig. 10 Campbell diagram of dual-rotor critical speeds at w; =
9000 rpm.

from the Campbell diagram are shown in Fig. 10 and are also listed
in Table 7.

3) Combining Tables 6 and 7, the dual rotor critical speed map
can be obtained as shown in Fig. 11. Given the dual-rotor speed
relation curve (w, =1.5w), the first five critical speeds can be
found from the crossing points as follows: First critical speed
(w1; W), = (4915; 7372), second critical speed (w;; @w;), = (8171;
12,256), third critical speed (w;; w,)3 = (8218; 12,317), fourth crit-
ical speed (w;; w2)4 =(11,973; 17,960), and fifth critical speed
(w1; wr)s =(12,424; 18,636).
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This method can be used for linear or nonlinear dual-rotor speed
relations. As shown in Fig. 11, both rotor 1 and rotor 2 critical speeds

Support Stiffness of the Inter-rotor Bearing (N/m)

Fig. 13 Task C critical speed map for rotor 1.

increase as the dual-rotor speed increases.

B. TaskB

If the dual-rotor rotational speeds are in simple multiple relations,
as in the preceding case (w, =1.5w), Egs. (9) and (13) can be
solved directly using the Campbell diagram calculations to obtain
the system critical speeds, as shown in Fig. 12. Consequently, the

results are

identical as those given in task A.
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Fig. 14 Task C critical speed map for rotor 2.
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C. TaskC

In task A and task B, the dual-rotor-system critical speed calcu-
lations can be very complex, lengthy, and inefficient. The bearing
stiffness was found to be one of the key parameters in critical speed
design. Similar to the single-rotor undamped system, Eq. (9) can
be converted into a rotating coordinate system. The number of de-
grees of freedom for the system can then be reduced by one-half.
Furthermore, with use of simple multiple dual-rotor speed relations
(w, = 1.5wy), the interrotor bearing stiffness can be assumed to be a
variable to obtain the critical speed map as shown in Figs. 13 and 14.
The corresponding interrotor bearing stiffness is 8.76 x 10® N/m,
and the critical speed results are in agreement with both tasks A and
B. This demonstrates that using the interrotor bearing stiffness as
a variable is an efficient method to calculate the dual-rotor system
critical speeds.

D. TaskD

As shown in Figs. 13 and 14, the critical speeds are dependent
on the interrotor bearing stiffness. In high-speed rotating machin-
ery, the rotor mode shapes can affect the rotor system stability. In
Figs. 15-18, the rotor 1 and rotor 2 mode shapes are shown for the
interrotor bearing stiffness of 5 x 10° and 8.75 x 10° N/m. In the
case of the 5 x 10°-N/m bearing stiffness, both the first- and second-
rotor-system mode shapes are linear. Consequently, this demon-
strates that the rotor system will not have instabilities caused by
internal damping.

VI. Conclusions

A systematic theoretical analysis was developed to investigate
the dynamic characteristics of single- and dual-rotor-bearing turbo-
machinery systems. A general model of continuous rotor-bearing
systems was established based on the Lagrangian formulation, with
gyroscopic moments, rotary inertias, and bending and shear defor-
mations included within the model. This rotor-bearing system model
was then used in a single-rotor-system application and a dual-rotor
system application.

In the single-rotor-system application, a small turbojet engine was
used to compare finite element single-rotor-bearing system analysis
with modal testing results. The comparison demonstrated very good
agreement. Critical speed map calculations, with bearing stiffnesses
matching optimizations, also show very good agreement with the
engine dynamic testing results.

In the dual-rotor-system application, the effects of the speed ratio
on the critical speeds were studied. The dual-rotor speed ratio can
affect the critical speeds. Consequently, it is one of the key design
parameters for dual-rotor systems. It was noted that the interrotor
bearing stiffness between the high-speed and the low-speed rotor
not only affects the critical speeds, but also affects the mode shapes
of the system. Finally, with use of the interrotor bearing stiffness
as a variable, an efficient method was demonstrated to calculate the
dual-rotor critical speeds. This approach can be used as a system
design tool to define quickly the key parameters, including shaft
dimensions, bearing locations, and bearing stiffnesses.

Appendix: Finite Rotor Element Matrices
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0 —mgl mol? symm
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| mgl 0 0 —mpl?> —mgl 0 0 mgfz_
- 0 -
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0o -12 6/ 0 0 12
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where

my = 156 +294® + 1402, my =22+ 38.50 + 17.50>

ms =54 + 1260 + 70d2, ms=13+31.50 + 17.5d>

ms=4+7d+3.50%, me=>3~+7d +3.50>

m; =36, mg=3—15®, mo=4+5®+ 10>

myg=1+50— 502, & =12EI/GS,¢*

where S, is the shear factor.
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